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For 1<p < oo, sufficient conditions on the generators {¢,},-, are given which
ensure that the /-dilates of the shift-invariant space generated by ¢, provide
L ,-approximation of order k > 0. Examples where ¢, is an exponential box spline or
certain dilates of the Gaussian e~ are considered; it is shown that our sufficient
condition then provides an optimal lower bound on their approximation order.
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1. INTRODUCTION

Let deN:={1,2,..}, and let C:=(—1/2---1/2)¢ denote the open unit
cube in R? Following [19], define

g;,;:{feLp<Rd>: 1= | X IfC-=))

jezd
Note that || /]|, = /1] 4 < HfH%S If1 P whenever 1 <p<p<oo. It was
shown in [19] that if ¢ € Z,, then the semi-discrete convolution operator
¢ ' is a bounded operator from /, into L,, where ¢ *' ¢ :=¢ *} ¢ and

<oo}, I<p<oo.
Ly(C)

¢y ci= 3 c(hj) d(-/h—j),  h>0.

jezd

We define S,(¢) to be the image of ¢ +" on /,:

$,8):={ T i) dl- =i cel, ).

je zd

S,(¢) is said to be a shift-invariant space because f(- —j) € S,(¢) whenever

fe€S,(¢) and jeZ“ Since S,(¢) is “generated” by the shifts (i.e., integer

translates) of a single function, we call it a principal shift-invariant space.
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There are, in the literature, a number of ways of “generating” a shift-
invariant space from a single function ¢ or a collection of functions @. When
the details are unimportant we will simply write S(¢) or S(®) to denote
this space. Shift-invariant (SI) spaces and principal shift-invariant (PSI)
spaces are important in many areas of approximation theory, including the
study of multivariate splines, radial basis function theory, sampling theory,
wavelets, and subdivision schemes.
We can dilate any PSI space S(¢) by the parameter 42> 0 to obtain

SH¢) == 1{f(-/h): feS()}.

The directed family (S”*(¢)), is called a ladder of PSI spaces. When one has
in hand a ladder of PSI spaces (S*(¢)),, a standard problem, and one
which has received considerable attention in the literature, is the deter-
mination of its L,-approximation power, i.e., the determination of the rate
of decay of dist(f, S"(¢); L,) (as h— 0) for sufficiently smooth f'e L,. Here

dist(f, 4; X) := inf || f— x| y.
xeA

In the literature, the statement, “(S"(¢)), provides L ,-approximation of
order y” has various definitions’; the essential ingredient is that

dist( 7. S"(¢); L,)=0(h") for all sufficiently smooth feL,. (1.1)

Strang and Fix [34] have shown (see also [2,12,33]) that if ¢ is a
compactly supported L, function, then the ladder (Sg(qﬁ)),, provides

“controlled” L,-approximation of order ke N if and only if ¢(0)+#0 and
one of the following two equivalent conditions holds:

Viell,_, dgell, such that f=¢ «' g; (1.2)
DP(j)=0  V|a| <k,  je2rnz?\0. (1.3)

The qualifier “controlled,” as used above, places a restriction on how the
approximations to a smooth function can be drawn from S%(¢) as h— 0;
hence, “controlled” approximation is stronger than unqualified approxima-
tion. Conditions (1.3) are now known as the Strang-Fix conditions of
order k. These conditions had previously been considered for d=1 by
Schoenberg [33]. Clarifications and extensions of [34] can be found in
Dahmen and Micchelli [ 11] and Jia [17]. Finally, de Boor and Jia [7],
using “local” rather than “controlled” approximation, extended the L,
result of [34] to L, for all 1<p<oo. Later, interest in removing the
compact support assumption on the generator ¢ developed and was

"' Our definition will be stated in Section 2.
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investigated by Jackson [ 16 ], Buhmann [ 10], Light and Cheney [ 25], Jia and
Lei [ 18], and Halton and Light [ 15]. The following was proved in [ 18].

THEOREM 1.4. Let ¢ € L, satisfy for some 6 >0 and ke N

(i) 1¢(x)]=O(x| " ) as |x| - oo;

(i) ¢(x)=1img—dj ¢ forall xeR“
x+eC

e—0

Then, for 1 <p< oo, the ladder (S;j(qﬁ))h provides “controlled” L ,-approx-

imation of order k if and only of ¢(0)#0 and the Strang—Fix conditions of
order k are satisfied.

Here the “control” is a combination of that used in [34] and the “local-
ness” used in [7]. Note that the compact support assumption of
[7, 11, 34] has been replaced by the decay assumption (i) which, inciden-
tally, becomes stronger as the approximation order k increases. All of the
above-mentioned papers employ a technique known as quasi-interpolation/
polynomial reproduction for their error analysis. Note that polynomial
reproduction, as described in (1.2), requires that ¢ %’ g be well defined for
gell,_,, and hence the need for something like condition (i). In 1991, de
Boor and Ron [8] were able to completely overcome condition (i) by per-
forming their error analysis entirely in the Fourier-transformed domain.
Moreover, their results applied to a more general situation which we now
describe.

The ladder (S*(¢)), is known as a stationary ladder of PSI spaces
because it is obtained by dilating the same PSI space S(¢#). More generally
we may use, as the f-entry of our ladder, the A-dilate of an /-dependent
PSI space S(¢,) to obtain a non-stationary ladder (S"(¢,)),. While in the
stationary case properties of the ladder are hoped to be analyzed in terms
of corresponding properties of the single generator ¢, we need, in the non-
stationary case, to inspect the entire family of generators (¢,,),.

We can now state a sample from [8].

THEOREM 1.5. Let (D) neo.ny be a family of functions in &, which
satisfy ¢ #0 on all of 6C for some 6> 0. If

il - + 2mj)

sup —_—
(R +1-1%)

he(0..h] jez\0

Ly(6C)

then (S (¢,)), provides L., -approximation of order k.
Proof. [8; Section 2.57.
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Note that the only decay assumption imposed on ¢, is the mild assump-
tion ¢, € %, . Following this result, de Boor et al. [4] considered the case
p =2 where they were able to give a complete characterization of closed SI
subspaces of L, which provide L,-approximation of order k> 0. Their
results apply to non-stationary ladders of SI spaces and they make no
decay assumptions on the generators. Kyriazis [21], in turn, considered
stationary PSI spaces for the case 1 <p < oo. Sufficient conditions on the
generator ¢ € L, are given which, when satisfied, ensure that the stationary
ladder (S*(¢)), provides L,-approximation of order k>0. Again, no
explicit decay assumptions are made on the generator ¢.

In the present paper, we are concerned with providing lower bounds on
the L,-approximation order (1 <p < c0) of non-stationary ladders of PSI
spaces under the mild decay assumption that the generators belong to %,.
An outline is as follows:

In Section 2, we define our notion of L,-approximation order, and we
state our main results. The proofs of these results comprise Section 5 and
Section 6. These results are applied to non-stationary ladders of PSI spaces
generated by exponential box splines and dilates of the Gaussian in Sec-
tion 3 and Section 4, respectively. The particularly long proof of a Proposi-
tion in Section 3 is postponed until Section 8. In Section 7, side conditions
are given under which the Strang—Fix conditions of order k are sufficient
to ensure that the stationary ladder (S Z((/ﬁ)) » provides L,-approximation of
order k.

Throughout this paper, |x| := |x|, denotes the Euclidean norm of x € R
while for multi-indices ae {0, 1,2,..}9 |a| :=|a|, :=3¢_, |o;|. For open
QcRY 1<p<o,and meZ, :={0,1,2,..} the Sobolev spaces W (Q)
are defined by

1/p
W@ = o= T 107 Ifa) <oc .

la| <m

with the usual modification when p = oo. Corresponding to each ae Z% is
the power function ( )*: RY - C defined by

d
() xx =[] x(i)*".

i=1

The space of polynomials of total degree at most k is denoted I7,. The
open unit ball in R? is denoted by B:={xeR": |x|<1}. For felL,:=
L,(R%), we denote its Fourier transform by

fey=] e st
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where e, denotes the complex exponential given by

e (t):=e™".

The Fourier transform extends by duality to the space of tempered dis-
tributions. The inverse Fourier transform of a tempered distribution f is
denoted /. The collection of compactly suppor}gd C*(RY) functions is
denoted by CZ and their Fourier transforms by C . All derivates of func-
tions are to be understood as distributional. We use the symbol const to
denote generic constants. It always denotes a real value in the interval
(0..00) and depends only on its arguments. Its value may change with each
occurrence. When using the scaling parameter /& as in (S%(¢,)),, it is
assumed without further mention that 2€(0../4,] and hy,e(0..1].

2. THE MAIN RESULTS

In order to make precise the notion “L,-approximation of order y,” we
need to specify which functions f'e L, are sufﬁmently smooth. This will be
the Besov space BJ;' which we now deﬁne Let ye C°O satisfy /=1 on a
neighorhood of the origin, and for tempered distributions f, define

if k=0
o {112 N it k=0,

A 2.1
(A ) —q@2 N /). if k>0, (2.1)

For 1<p<oo, y20, 1 <g< oo, the Besov space B) 7 (see [26]) can be

defined as the collection of all tempered distributions f for which

O 1/q
Plsgni=( E 24 1Aly,) " <o

with the usual modification when g = co. It is known that B 7 is a Banach
space and, as such, is independent of the choice of # (i.e., different choices
of # yield equivalent norms). We mention the following continuous imbed-
dings (cf. [26, p. 62]),
Byt =BT, it <y or =y =g
k, 1 k d k, oo . .
B, &> W, (RY) =B, ™, if kez_;

. 7, % i
B, A —>B)"”, if 1<p<oo,

where #°) is the potential space normed by

Py

1f 1y =+ 112 ), 920, I<p<oo.
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DErFINITION 2.2. Let 1<p< o0 and let (¢,); 0.4 be a family in Z,.
We say that the ladder (SZ(qﬁh)) » provides L ,-approximation of order y >0
if there exists ¢ < oo such that

dist(f, S(¢n); L,) <ch” || fll gz, Vhe(0.hod,  feBj'.

We mention that it is a straightforward matter to show that if (SZ((}B,,)),,
provides L ,-approximation of order y, then

dist( f, Sﬁ(g/),,); L,)=0(h") as h—-0 Vfe Bj; “, 0<i<y
dist( f, S;j(d),,); L,)= O(h” |log hl) as h—-0 Vfe Bl ™.

Throughout the remainder of this section, the exponent p will lie in the
range 1<p < oo, the family of functions (¢,), (.4 Will belong to &, ¢

will lie in (0..27), and # will be a function in C/'(\”’“ which satifies

A 1

suppf<=oC and =1 on 50C,

where C=(—1..3)%
The result which forms the foundation of the present paper is the
following:

THEOREM 2.3. If

sup dist(y, S%(¢,); ) = O(h?) as h—-0, (2.4)

P
O<r<h
then (SI’Z((]&,,)),, provides L ,-approximation of order y for all 1 <p <p.

Proof. cf. Section 6.

Note that in the stationary case, a necessary condition for (Sﬁ(qﬁ))h to
provide L,-approximation of order y is that

dist(y, S7(¢); L) = O(h?) as h—0. (2.5)

Theorem 2.3 says that a condition slightly stronger than (2.5) (in fact,
identical when p = 1) is actually sufficient:

dist(, S"(¢); Z,)=O(h")  as h—0. (2.6)

In the non-stationary case, condition (2.6) suffices provided that it is
equipped with a certain downward uniformity as described in (2.4). Once
(2.4) has been established, the fact that we then obtain L,-approximation
orders for all 1 <p < pis a simple consequence of the fact that | - || 2, <l g,
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With Theorem 2.3 in hand the job of establishing lower bounds on the
L ,-approximation order of (Sl’j(qﬁ,,)) » 1<p<p, can be performed by
estimating the ability of S”(¢,) to approximate 7 in %,. One means for this
is to choose se€ S”(¢,) so that § =74 on 2zC/h, and then conclude that

dist(, S1(¢,); Z,) < | =35l o, (2.7)

This approach yields the following estimates:

PROPOSITION 2.8. Assume that ¢,(hy-)#0 on all of 6C, YO<h<h,.
Then for 0 <r<k<h,,

- ; i(- + 2mj/h)\
1) dist(y, S ,,;g;<<rh. ’7(+>
(1) dist(n, S(¢,); Z,) o )je;\o 3+ 2

<ﬁ<l5,~(h- + 27Tj)> N

2
Z

(2) dist(y, S1(¢,); L) <

BT $(h-) .
b (h +2x7) 19 1/g
() distn, S, ) <constdnp) (¥ PETS
jez™\o ¢, (h-) WsC)

where (3) holds if 2 <p < oo in which case q is the exponent conjugate to p
(ie., satisfying 1/p+ 1/Gg=1) and m is the least integer satisfying m > d/q.

Proof. cf. Section 6.

The proposition is intended to be used in conjunction with Theorem 2.3.
The estimate (1) is actually a rewording of (2.7). The estimate (2) derives
from (1) simply by pulling the summation outside of the norm. (3) derives
from (1) using the crude estimate

lgl 2, <const(d, n, p) |&| W (R):

In Section 4 we will use Theorem 2.3 in conjunction with Proposition 2.8
(2) to invetigate the approximation order of non-stationary ladders
generated by dilates of the Gaussian e ', In Section7, we apply
Theorem 2.3 in conjunction with Proposition 2.8 (1) to show that in the
stationary case, under certain side conditions, the Strang—Fix conditions of
order k are sufficient to obtain approximation of order k. Here is a sample.

THEOREM 2.9. Let ¢ € £, satisfy ¢ € C/T(5C) and e WK SC + 2r29\0).
If $(0) £ 0 and ¢ satisfies the Srang—Fix conditions of order k (1.3), then the
stationary ladder (S Z(d))) » provides L,-approximation of order k for all
I<p<oo.
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Proof. cf. Section 7.

An alternative means for estimating the <, distance between 5 and
S(¢,) is to take existing results for convergence in L, and then show tlla\tt
when the approximand is #, the convergence is actually in .Z,. Since ne C”
decays rapidly it is not surprising that the L, convergence can be lifted to
%, if the approximation scheme is sufficiently local (condition (i) below).

THEOREM 2.10. Assume that there exists Y, € S,(¢,), he(0..hy], such
that for some NeN and c,, ¢, < o0,
1) |ux) <c(T+]x)~“*r",  vxeRY  he(0..hy];
) Nf =, Sl <c: I fInh, YO<r<h<hg, feC[,
where | f| x :=max,, < y max, g (1 +[x]%)" [(D*f)(x)].

Then

sup dist(n, S%(¢,); £,)=0(h")  as h—0.

P
O0<r<h

Hence, by Theorem 2.3, (S ﬁ(qﬁh)) » provides L,-approximation of order y for
all 1 <p<p.

Proof. cf. Section 6.

By employing an error analysis like that of [ 8] in order to verify condi-
tion (ii) of Theorem 2.10, we obtain the following result (compare with
Theorem 1.4).

THEOREM 2.11. Let 2<p< oo and let q be the exponent conjugate to p
(i.e., satisfying 1/p+ 1/G=1). If there exist c,e€(0..00) such that

(1) 1) <ec(1+|x]) =@+ yxeR:  he(0..h];
(i) inf [,(0)]>0;
he(0..hy]
2 1/q
(i) A(5,7,4):= sup ( 5y bl + ”}” > <o,
he(0..m] \jezd\o h+1-1" 60

then (SI’Z((]&,,)),, provides L,-approximation of order y for all 1 <p <p.

Here, [y7] denotes the least integer greater or equal to y. In Section 3,
using Theorem 2.10 and Theorem 2.11 as well as results from [ 20, 28, 31],
we will determine exactly the L,-approximation order of exponential box
splines for 1 <p < 0.
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3. EXPONENTIAL BOX SPLINES

ExaMpPLE 3.1. Let Z be a multiset of directions in R?\0 whose span
covers all of R and let Ze C=. The family of exponential box splines ¢,
h >0, is then defined by

~ 1 a .
¢p=[] ok, where wi(x) :=[ eMemie Xty (3.2)

0

We will show that for all 1<p< oo, the L,-approximation order of
(Sﬁ(qb,,)) , 1s exactly k' defined by

K;:={¢eZ:¢.jez\0}, jeZ’\0;
k':=min{ #K;: je Z\0}.

For a general reference on box splines, the reader is referred to [6].
Actually, most of the claim in 3.1 is already known in its essence (i.e., in
the sense of 1.1). The case when = is confined to integral directions and
A=0 has been settled in the work of [5]. The works of [13, 24, 27] treat
the case of integral = and general /. For p= o0, [ 28, 31] have settled the
case of general = and 4 =0. Reference [ 8], also working with p = oo, estab-
lished the upper bound on the approximation order for general = and
general A. They provided the lower bound in case ¢, was sufficiently
smooth and the directions in = were rational (while A is still general).
Reference [30] considers rational = and general A. For p =2, both the
lower bound and the upper bound are established. The lower bound on the
approximation order is established for 2 <p < oo excepting that in case
p=oo it is required that doeL,. Reference [20] established the upper
bound on the approximation order for general = and general A for
I <p< oo. After completing the work on this example, I learned that
Kyriazis [22] has extended the techniques of [21] to include some non-
stationary ladders of PSI spaces. For 1 <p < oo, he establises the lower
bound for rational 5 and general A under the assumption that §,eL,.

The remainder of this section is devoted to proving the claim in 3.1.
Since we are assuming that the directions in = span R it follows that ¢,
is a piecewise-exponential polynomial function supported in Z[0..1]",
where m := #Z (cf. [27]). Aslo, as a distribution, ¢, has the following
representation:

j B, dm = j (S dl,  feC.
= [0..1]m
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It was shown in [20] that for all /e C\0,
dist(f, &(¢); L,) # o(h") as h—0,

where %(¢,) is defined in [20]. For 1 <p < o0, (¢,) is defined to be the
closure in L, of the finite linear span of the integer shifts of ¢,. Conse-
quently, S,(¢;,) is contained in ¥ (¢,) for 1<p<oco. For p=oo it was
shown [20; Proposition 2.2 that S_(¢) = %, (¢) whenever ¢ satisfies

Y 11 2..cj+ ) < 0. (3.3)

jEZ‘l

Since ¢, is boun/cied and compactly supported, (3.3) holds and we conclude
that for all fe C\0 and 1<p < oo,

dist(f; SX(¢,); L,) #o(h*)  as h—0.
Thus we need only concern ourselves with the task of showing that

(Sz(qﬁ,,))h provides L,-approximation of order k" for all 1 <p < co. Since
this task is vacuous when k&' =0, we may assume that k' > 0.

Lemma 34.
l¢r— ol o, <const(d, 4, Z) h, Vhe[0..hy].
Proof. Since supp ¢, = =Z[0..1]" for all 2> 0, it suffices to show that
¢, —doll ., <const(d, 4, Z)h, Vhe[0..hy].
Recall that for any piecewise continuous function g,

lel, =sup {|[_eram|: recz.r=0amd 171, =1},

So let f'e C* be such that f>0 and | f||;, =1. Then

[ =0 an| -

[ ez dt‘
[0..17™

< const(d, 2) h f f(E1) dt

[0..13m

<const(d, 1) h ||l .,
=const(d, 2, Z) h. 1
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Note that as a consequence of the above lemma, we have that [|¢, ], is
bounded independently of 2e[0..4,].

In order to consider first an easier case, assume (for the time being) that
k'=1. We will be applying Theorem 2.10 so let p:=o0 and y:=1. It is
known (cf. [28, Theorem 2.8; 31] that

1f=do*i fllo, <const(d, Z)h|fllw:,  VfeW.,. (35)

Let ¥, :=¢,, he[0..hy]. That , € S,(¢,) is of course trivial, and since the
functions ¢, as well as their supports are bounded independently of
he[0..h,], it follows that condition (i) of Theorem 2.10 is satisfied. In
order to verify condition (ii), let f'e CZ. Then, for 0 <r<h<h,,

1= S, <I1f =0 xn flle, + I(do—¢,) 4 fll L.,
<const(d, ) h || flwt + do— &l o, 1L,
by (3.5) and Lemma 5.1,
<const(d, 4, Z)h || f, by Lemma 34 as r<h.

Thus condition (ii) of Theorem 2.10 is satsified with N :=1 and we con-
clude therefore that (Sﬁ(qﬁh)),, provides L,-approximation of order k' =1
for all 1 <p< 0.

We turn now to the more difficult case k' >1 where we will apply
Theorem 2.11 with y :=k" and p := co. It follows from (3.2) that there exists
0€(0..m) and hye(0..1], depending only on (d, 4, £), such that

|gu(x)| >0,  VxedC,  he[0..h],
|hi:—i& x| <1 VxeoC, hel0..hy], ekl

(3.6)

In particular, condition (ii) of Theorem 2.11 is satisfied. Since the functions
¢, as well as their supports are bounded independently of 2€[0../,], con-
dition (i) of Theorem 2.11 is satisfied.

In showing that condition (iii) of Theorem 2.11 is satisfied, we will be
following the approach taken in the Box Spline section of [8]. There,
A(0, k', 1) < oo was established only when ¢, was sufficiently smooth and
= was rational. Later, the sufficiently smooth aspect was identified [ 30] as
being when ¢, e L,. The following proposition can be used to show that
$o € L, whenever k' > 1.

ProrosiTioN 3.7. If k' > 1, then

2 s

jez\o fe~1+|é ]|
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Proof. cf. Section 8.

The following lemma and its proof are taken almost directly from [8].
By placing 1+ |¢-j| in the denominator of our estimate (instead of |& -] as
in [8,30]) we get by without assuming = to be rational.

LemMmA 3.8. For all je Z\0, he[0..h,], and x€dC,

t(d, A, Z) (1, E\K;
o+ 2m)] <2 ceENK)

L+[S-j| h+]x], ek,
Proof. Fix jeZ\0, (€&, he[0..hy], and x € 6C. Note that

1, if hA,— it x=2mic
wl(x42mj) = M2

therwise.
h)“é‘_if'x—Znif-j’ otherwise

Also, by (3.2) and (3.6), |o"(x + 27j)| <e.
Case 1. ¢eE\K,.

If |&-j] <1, then the lemma holds with const(d, 4, 5) > 2e. If, on the
other hand, |¢-j| > 1, then hi, —i - x #2ri - j and hence

el 41 e+1
T(Qr—2) &l +21E-j1—1

e+1 const(d, A, =)
< - < ;
(2n—=2)|<-jI+1 1+1E-Jl

|w(x +27))| < ——
A2 S e

Case 2. (€K,

By (3.6), hi;—i& - x #2mi¢ - j; hence,

"o — | _ const(d, 4, Z)(h + |x|)
m|Ejl—=1 = (2rn=2)|&-jl+1

|¥(x +27))| <

const(d, A, Z)(h+ |x|)
1+1[E- /]

b

thus proving the lemma. |
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Therefore, by (3.2) and Lemma 3.8,

A . _ : 1
|§4(x + 27j)| < const(d, 4, Z)(h+ |x|)*% éllrm

) ) 1
<const(d, 2, Z)(h* + |x[¥) [] T+ 1€

VxedC, jez\0.
Hence, with Proposition 3.7 in view,

1

A(d, k', 1) <const(d, 4, Z) ——— < o,

jeZ‘/\O ez 1 + |é ]|

thus estabishing condition (iii) of Theorem 2.11. Therefore, by Theorem 2.11,
(Sl’j(qﬁ ), provides L,-approximation of order k' for all 1 <p < oo.

4. THE GAUSS KERNEL

ExampLE4.1. For he(0..1], define ¢, by

~

$i(x) = e MM AT where  u(h) =y log(e/h)

for some y >0. We will show that the L ,-approximation order of (Sﬁ(qﬁ,l)) A
is exactly y for all 1 <p < co.

That (S,’j(gbh)),, provides L,-approximation of order y (in, say, the sense
of (1.1)) is known for p= o0 and p=2. For the precise details see [3; §;
Theorem 3.8] (p=o0) and [29, Corollary 2.35] (p=2). As for the upper
bound on the approximation order, it was shown in [20] that there exists
fe C#\0 such that

dist(f, S(¢y): L) #o(h?)  as h—0,

where ¥ (¢,) is defined in [20]. As mentioned in the discussion prior to
(3.3), S,(¢,)=F(¢,) for all 1<p<oo (as (3.3) holds in case p= o).
Hence the L,-approximation order of (S;;(qﬁh))h cannot exceed 7.

The task of showing that (S(¢,)), provides L,-approximation of order
y is simplified by making use of the tensor product nature of ¢, and by
employing the following:
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Lemma 4.2, Let f,e £ (R), i=1,2,..,d, be continuous and define
S(x) = f1(x0) fo(x5) - fulx,), x€ R® Then

d
Hf”;/x([md) < n ”_ft”:jﬁc([R)
i=1

Proof. The lemma is clear when d = 1. Proceeding by induction, assume
the lemma to be true for d’=d —1 and consider d. Let x € R%. Then

Yo+ D= Y 1Ak s F k) fao (X k)

jEZd kezd—1

X Z | fa(x 4+ n)]

nez
d—1

(L) B et
i=1 nez

by induction hypothesis,

<<n mum)

i=1
which proves the lemma. |
Let e C*(R) be supported in (—1..1) and be such that t=1 on
[ —1/2..1/2]. Define #(x) :=1(x;) 7(x5) - - - 7(x,), x € R%. Note that ne C>,
suppH<2C, and =1 on C. Now for jeZ*,

Py

7(x) ¢:(hx+ 2nj) _ ﬁ T(x,) e Hi/m D) (4.3)
¢r(hx) i=1
Define
a(k) := |[(ze #OEHIIN Vs kel
Then
b (h- +2 v
M= ¥ <77¢r(A + nj)>
jez\o ¢.(h-) 2,
d
< [T a(j), by Lemma 4.2 and (4.3),
jEZd\O i=1
d—1
<d ) alk) Y ]I a(j)
kezZ\0 jezd-1 i=1
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By Lemma 5.2,

1(78) ¥ Il &, () < const ||zg]| WiR) < const(7) [l g]| WA —1..11)>

Vge Wi[—1..1]).

In particular, for ke Z\0,

a(k) <e — () (K2 S I
const(7) ([—1..11)

= (1 +pu(r) K|/ + (u(r) hlefm)?) e =& =0y
<2+ 1+ p(r) k| /m) e = klm,

Hence,

Y a(k)<const(t)(1 +u(r)h) Y ke w0 —hk/m

kezZ\0 k=1

o0
= COHSt( )( +'u(r) ) h) e+ —hjm) Z ke —u(r)(k* =1 —h(k —1)/)
k=

<const(t)(1 +u(r) h) e #1 = < Z e 0 >
<const(7)(1 + u(r) h) e I —hm), since u(r)=1.
Combining this with (4.4) yields

I(r, h)y<d(|t"| 4, +const(z)(1+ pu(r) h) e # =Hm)d=1

x const(7)(1 + pu(r) h) e+ =Hm),

Noting that u(r) e #®™1 =" is bounded independently of r, we conclude
that

I(r, h) <const(d, 7)(1 + u(r) h) e -+ =hm), (4.5)
Applying elementary differential calculus to (4.5), it can be shown that

sup I(r, h)<const(d, t,y)h’, VO<h<I.

O<r<h

Therefore, by Theorem 2.3 in conjugation with Proposition 2.8 (2),
(Sz(qﬁ,,)) » provides L,-approximation or order y for all 1<p < .
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5. SOME USEFUL LEMMATA

In this section we march out a few results which will be useful in proving
our main results. At the outset of the Introduction, we mention a result of
[19]. It can be stated in slightly more generality as follows:

LemMA 5.1, Let 1<p< o0 and let g€ Z,. Then

16 %5 flle, <UD g, A 1 f | ynzey, — Vf €L (RZ).

Proof. See [19, Theorem 2.1] for the case 2= 1. The general case & >0
can now be derived from the fact that |g(-/h)|,, =n"" ||gll., |

The following lemma gives an estimate of the %, norm of a function g
in terms of g for 2 <p < c0.

LeEMMA 5.2. Let 2<p< o0 and let q be the exponent conjugate to p (i.e.,
satisfying 1/p+ 1/q=1). Let m be the least integer satisfying m > d/q. Then

gl », < const(d, p) &l wrws, — VE€ W(RY).
Proof. Let ¢ W(R). Then

lglle, < X 18l 0= 2 (L+1iD™" A+1iD" g+ o

jezd jezd
1/q
<( X A4107) U+ el o) o
jezd

by Hoélders inequality,

<const(d, p) 11X+ 1-D" gl ,cn+ ) ze)
=const(d, p) [I(1+1-1)" gll 1, (5.3)

By the Hausdorff-Young theorem (cf. [23, p. 142]),

1/, <const(d) [ /], V¥feL,. (54)
Since (—ix)* f(x)= (D“f)v (x) it is easy to extend (5.4) to obtain

[(E+ 11" fl 2, < const(d, p) ||l wowey, Ve WHRD. (5.5
The lemma now follows by (5.3) and (5.5). |

The following lemma shows that the /, norm of band-limited functions
is dominated by their L, norm. Actually, they are equivalent, but we need
only this direction here.
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LEMMA 5.6. For all h>0 and 1 <p< o0,

her Hf“z,,(hzd) < const(d) Hf”Lp(Rd),
whenever f'e L, and supp f<h~"2znC.

Here, we employ the slightly abusive notation

Hf”l,,(hl") = Hf\,lzdul,,(hzd)'

Proof. Tt suffices to prove the lemma for the special case 4 =1 since the
general case /1 > 0 can then be obtained by scaling. For a proof when /2 =1,
see [14, Lemma 1]. ||

The following lemmata show how the semi-discrete convolution acts in
the Fourier-transformed domain.

LEMMA 5.7. Let ¢ CL , and let f be a tempered distribution such that
supp f is compact. Then for all h> 0,

(¢, ) =d(h-) Y (- —2mj/h).

jeZ‘i

Proof. 1t suffices to prove the lemma for the case 4 =1 since the general
case 1> 0 can then be obtained by scaling. We prove the lemma first for
the special case fe C/’}‘J So assume temporarily that /e C/'} We then have
by Poisson’s summation formula (cf. [ 35, Chap. 7])

Y fx=2mj)=Y (e_.f)" (2m))

jez? jezd
=Y e (Nf)= Y flhe_j(x), VxeR% (58)
jezd jezd

Since ¢ C* = L, and ezl ()] <0,

@) (x)= X fDI=N* ()= T S ) eylx)
=§(x) ,ziﬂx—znj), by (5.8).

and thus proving the lemma for the special case f'e (f’ For the general
case, let g, be a delta sequence in C (e.g., g,:=n a(n-) with e C2,
d>0, and fa—l Put f,,:=6,f, ne N. Then smcef e C*, we have that

(=" f)" ¢ an —271j), neN.

]EZd
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Since supp / is compact, it follows (cf. [32, Theorem 6.32]) that f, — f/ in
the space of tempered distributions. Therefore,

Y I—2mp)=§ T i~ 2mp

in the space of tempered distributions (as ¢ € C* implies that sums can be
taken over some finite subset of Z“). Thus, the lemma will be proved as
soon as we show that

(P f)" = (¢ /)" (5.9)

in the space of tempered distributions. For that, note that since supp f is
compact, there exists Ne Z_, such that |f(x)| = O(|x|") as |x| - oo (cf.
[32, Theorems 6.8, 7.23]). Hence,

sup | /() =£DI A+ 1)~V >0 as n— .

jEZd

It now follows from the rapid decay of d)eC/':T” that ¢ ' f, > ¢+ [
in the space of tempered distributions. Therefore, (5.9) holds (cf. [32,
Theorem 7.157). |

The assumption that ¢ e é} above is too strong for most purposes. It
can be relaxed provided that we further restrict f.

LEMMA 5.10. Let ¢eL,. If feL, and supp f is compact, then for all
h>0,

/1 hhzdy < 905

(¢ *, /)" =d(h-) Y J(- =2mj/h).

jeZ‘l

Proof. 1t suffices to prove the lemma for the case =1 since the general
case 1>0 can then be obtained by scaling. Let fe L, be such that f is
of compact support. There exists a sufficiently large ne N such that
supp f < nn2C. Hence, by Lemma 5.6,

n—¢ ”f“zl(;rlzd) <M, ”fHLl([de)‘

Since Z“=n~"'7¢ it follows that | /|, < co. Hence ¢ ' f€ L, and

b ) =¢ Y f(le ;=¢ Y fl—)e,.

jezd jezd



APPROXIMATION ORDER OF SHIFT-INVARIANT SPACES 297

It is now a straightforward matter to complete the proof by verifying that
f(—J) is in fact the jth Fourier coefficient of the 27 Z“periodic function

ez f( —27nj). |

LemMA 5.11 (Wiener’s Lemma). Let f.geL, be such that supp [ is
compact and g(x)#0 for all x esupp f. Then

<{> eL,.
g
Proof. cf. [32, Theorem 11.6].

In the following lemma, a description is given for a multi-level
approximation scheme employing the dilated shifts of a function #. In sub-
sequent theorems, this approximation scheme will be used except that
will be replaced by a suitable approximation of # drawn from dilates of

S1(dn)-

LEMMA 5.12. Let 1 <p< oo, and let ne C/'\" and 0 € (0..2n) be such that
supp i< 6C and =1 on L 5C. For he(0..1], let n:=n(h) be the largest
integer for which 2"h < 1. Let y>0. For fe B}, let { fi} ,.,, be as in (2.1).
Then for all he(0..1]

) Sie=1 %k [, Vkel,
(2) (h2" =Y ficll pnr-wz0y < const(d) | fiell o, VhkeZ;

G =% £l <wiflg,
k=0 L,
Proof. Note that supp f, is compact. Hence, by Lemma 5.7,
(1 *pn-s fi) ~ = A(h2"F Z fk —2mj/(h2" %)
jeZd

by (2.1), supp f,SsuppA(2' % )=2¥"'eC, VkezZ,. Tt is now a
straightforward matter to verify that #(h2"*.) and f,(- —2mj/(h2" %))
have disjoint supports whenever je Z\0 and that #(h2" *.)=1 on the
support of f,. Therefore, (1 ).« f.)* = f, which proves (1). Now,

supp(fe(h2" %))~ = h2"—*2k~1eC = 2nC.
Hence, by Lemma 5.6,

1Sl ynan-rzy = 1Silh2" =5 ) 70y < comst(d) [ fi(h2" %) | 1,
= const(d)(h2" ")~ | fil 1,-
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Hence (2). In order to verify (3), note that

Py

—z ~(i20+ T @@ —q )7

k=1

—<ﬁ(2~)+ » (ﬁ(21k‘)—ﬁ(22’”’-))>f

=f Y HQ2'F)—=p22R)
k=n+1
Therefore,
A N N TP SOSIEE S C A
k=0 Ly k=n+1 k=n+1

<H S g

6. THE PROOFS OF THE MAIN RESULTS

In this section, we prove Theorem 2.3, Proposition 2.8, Theorem 2.10,
and Theorem 2.11. The technique used in proving Theorem 2.3 might well
be called approximation by replacement. In order to approximate feL,
from Sf,(m), we start with a very good approximation to f written using
various dilates of the shifts of a certain function 7 (i.e., the scheme
described in Lemma 5.12). By replacing each instance of x with an
approximation to # from an appropriate dilate of S,(¢,), we then obtain an
approximation to f from Sﬁ(qﬁ,,) whose closeness to f can be estimated in
terms of how well each replacement actually approximates #. It turns out
that these replacements need to approximate # not in L, but rather in Z,.
This is because # appears in expressions like # *' a, a € l,, where the small-
ness of [l —#ll,, does not ensure the smallness (relative to [af,) of
I(Y —n) =" al|,,, whereas the smallness of || —77Hg,p does. Ultimately, the
%,-distance between » and various dilates of S,(¢,) becomes the issue as
reflected in the hypothesis of the theorem.

Proof of Theorem 2.3. By (2.4) there exists 4 €(0..0) such that

sup dist(y, S%(¢,); &) < Ah? Vhe(0..hy]. (6.1)

O<r<h
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Let I<p<p. Since || 4 <|l-|l o, we may assume WLOG that p = p. Also,
there is no loss of generality in assuming that s,=1. Let 7€ (0..1] and let
n:=n(h) be the largest integer for which 22" < 1. Let y >0 and let f € B !
Let {f,} kez, be as in (2.1). We proceed now to define our approximation
to f from S” ((/5,,) By (6.1), there exist g, €S,(¢,) such that

7 —gi(2" 5 )| 5, <4279, 0<k<n. (6.2)

(Note: 2"~ is playing the role of /4 in (6.1), while /4 is playing the role
of r in (6.1). Equation (6.2) is a valid application of (6.1) because
0<h<2 =% <1.) Since g, €S,(¢,), it follows from the fact that Z,is a
Banach space that g, € %,. Note that, by Lemma 5.12, || /|l hh2—kzdy < 0
and hence

&u(2" ) Kk fro = Zzlfk(hZ"’kj) G(-/h=2""")eSNg), O0<k<n
jez
Since g, € S,(¢,), it follows that S,(g,) =S,(¢,). Hence,
/gogl RO kkaS,/:(qSh)
Now,

Z Jie—5n

k=0

n

Z (11— gx(2"754)) i [

k=0

by Lemma 5.12 (1),

s
L,

L,

n
<Y =g )y (B2 | fill sz

k=0
by Lemma 5.1,

n

< ) A277" 9 const(d) || fill .,

k=0

by (6.2) and Lemma 5.12 (2),

<const(d) 4277 Y 2"\ fill,,

< const(d, y) Ah” HfHBP L1y (6.3)
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Therefore, by (6.3) and Lemma 5.12 (3), we conclude that

+

L, Ly,

n
Z Se— 5
k=0

dist(f, SN L)< IS —sal < | f— 3 fi
k=0
<const(d, 4, 7) " || /1l g2 10

Proof of Proposition 2.8. Let 0 <r<h<hy. Put /:=4#/¢,(h-). Then by
Wiener’s lemma (Lemma 5.11), fe L,. Since f is compactly supported, we
have by Lemma 5.10 that | /1,2« < 0. Hence ¢, *), f € S1(¢,) and

G5 ) =) Y =2 emma .10,

jezd ¢, (h- —2mj)
A(- —2mj/h)

g Y =2,
! b —2m)

Thus,

A A,Z'h/\
dﬁﬂﬂ,5ﬂ¢»;£%)<l¢,*;fn|3%:<¢4h.) ¥ 7(‘*’U/)>

%5

jezivo ¢,(h- +2mj)
Hence (1). For the sake of proving (2), we may assume WLOG that
i, (h- + 2mj)\ ¥
<W{+“% <0, (6.4)
I ¢,(h-) %
Hence,
ib(h- + 2m))\ ¥ . 5(- —2mj/h)\ ¥
<77] = ) %(”)M
jez™No ¢,(h-) L5 jezd\o ¢,(h- —2mj) Ly

=

o G =2m/h)\ Y

(h) ————=
./e;\o <¢) )fﬁr(h' —27Zj)>
A+ 2ﬂj/h)> N

=|(d.(h- a
H<¢ (5 ),»E;\o §,(h- +27j)

Ly

s
2
Lp

o

where the first inequality and the last equality follow from the finiteness of
the second expression which follows from (6.4) and the first equality. Thus
(2) follows from (1).
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We consider now (3) where it is assumed that 2 <p < c0. By Lemma 5.2,

< i+ 2mj/h) >
/ezd\o b (- + 2mj)

b(h-)

Zp

A(- +2nj/h)

< const(d, p) = -
jezio ¢ (- +27)) | wiwd)

A(- +2nj/h)

= const(d, p) < 2 g (h-+2m))

e z9\0

>l/q
9
Wm 6C + 2mj/h)

since supp# <oC,

b, (h- +2mj)||7 12 .
g+ 2m)) > , since #HeCr.
woC)

A

- d 7
const( ,p,;7)< Y TR

jez9\0

Hence (3) follows from (1). ||

Proof of Theorem 2.10. First note that S,(y,)<=S,(¢,) because
W, €S,(¢,). Hence, ¥, «, ne S"(,), 0<r<h<h,. Let ce C be such that

Z o(-+j)=1.

jezd

Fix 0 <r<h<h,. Then

5 o(-+j>n—w,*'h<z 0(~+j)f7>

jezd jezd

b
5

since =Y, a(-+j)n,

jEZ’[

2 (a(-+) =, (a(- +j)77))‘

jezd

%

< Y o+ n— = (a(-+)ml o,

jeZ“

<Y Y lot-+))n

jezd kezd

=¥, (0 + )M i+ 0)- (6.5)
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Let m>2 be so large that supp o =cmC and supp g n (k+ C) = when-
ever |k| =md. Now,

Z Z lo(-+7)n—y, =, (0'('+j)’7)‘|L,;(1c—,j+C)

jezd |kl <md

< X #{lkl<md} |lo(-+))n—y, =, (- + /) m)l,,

jEZd
< Y, 2md) ey |lo(-+ ) nlly b
jez?
=const(d, o, 3, ¢c,, N) h’, by (i1). (6.6)

And,

Z Z 1, *), (a(- +j)77)”Li(k—j+C)

jezd |k|=md

<Y X X e+ i) n(hh) (- /h=Dll -+ 0

jezd |kl=md lez?

<Y Y const(d,a) h=?|la(h- +j)n(h-)| .,

jezd |kl =md
X HlﬁyHL,xurl(k+(m+1) C))»
since o(hl+j)#0 only if leh™'(mC—j),

< ) const(d, g, p) b ey (L+1kl/R) =D Y o+ ) nll.,

|| =md jezd
by (i),
<const(d, a, 1, ¢y, y) . (6.7)

Therefore, by (6.5), (6.6), and (6.7),
dlSt(rh Slil(qu)’ Dgﬁ) < COl’lSt(d, ag, ;75 Cls C2s V: N) h'/. I

We make use of the following lemma in the proof of Theorem 2.11.

Lemma 6.8. Let ¢,eL_, he(0..hy]. Assume that there exists
y€(0..00) such that for some c,ee(0..0),

(1) [gu() <e(T+[x]) =0T YxeR%,  he(0..h];
(i) m:= inf |§,(0)>0.

he(0..ho]
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Put N :={jeZ" :|j|,<y}. Then there exists c, €l,(Z") with supp ¢, <= N
such that with \y, := ¢, ' ¢,

(1) el <const(d, y, c,e,m) — Vhe(0..hy];
(2) (D,)(0) =, Vie| <y,  he(0..h,].

Proof. Put k:=[y7 and for functions f which are C*' in a
neighbourhood of 0, let P, _,f be the unique polynomial of total degree
<k which satisfies (D*P,_, f)(0) = (D*f)(0) for all || <k. In other words,

oy 0
P =y DO

e
Fix /1€ (0..h]. It follows from (i) that ¢, e CK(R?). Put p,:=P, ¢, and
gn:=Pr_1(1/9,), say p, =23, < a,( ) and g, =3, -, b,( ). Note that
¢
P _\(pn&n)=Pr_, <¢Ah =1

h

Hence, > s, bga, z=0,,, which allows the b,’s to be solved recursively
by

ba:a(;l <600(_ Z bﬁaa/;>. (6.9)

<o

Now, a; ' =¢,(0)~' <m~" by (ii), and it follows from (i) that
la,| <const(d, v, c, €) Yo <k.
Hence, by (6.9),
|b,| <const(d, vy, c, &, m) Yol < k.

Claim 6.11. The mapping

g Py, Z Q(Jl)efj

jen
is a linear bijection of C*" onto IT, ,. In particular, it is invertible.

Proof. It was shown in [9, Corollary 3.36] that the mapping

g P Z q(j)efij

jen



304 MICHAEL J. JOHNSON

is a linear bijection of C** onto II, ,. So for each ae./, there exists
¢,€C" such that P, _, e 4s(J) e_;=()" Hence,

v (Jj- )” {O, if 0<n<k, n#|a;
qoc - o .
Jew ! ()% if n=laf
Therefore,
v lj )" {0, if 0<n<k, n#|al;
qzx - N o .
e (=) 0),  if n=laf

Or, in other words, P, ¥, - q(j)e_;=(—i)" () for all xe.4". Since
{():aeAN"} is a basis of II,_, (and since dim C*" =dim 77, _,), the
claim is proved.

As a consequence of Claim 6.11, it follows that there exists ¢, e/,(Z9)
with supp ¢, = 4" such that
gn="Pr Z cnla) ey,
xe N

and

Hcll”/] <ConSt(da V) max |boc|'
|lo| <k

Thus, by (6.10), (1) is established. Put i, := ¢ " ¢,,. Then, since (¢,(- —a)) "
=¢,e_,, it follows that Y, =¢, > > e Cnlo) e_,. Hence

Pkfll/;thkfl(d;hgh) =P _(prg)=1
Therefore, (2) holds. |

Proof of Theorem 2.11. We will be employing Theorem 2.10. Put
k:=[y7. Let 4, m, c¢;,, and y, be as in Lemma 6.8. Since supp ¢, < ./~ and
in view of Lemma 6.8 (1), it follows that

W u(x)| <const(d, y, ¢, &, m)(1 + |x|) ~HrE+e),

VxeR%  he(0..hy] (6.12)

In particular, condition(i) of Theorem 2.10 is satisfied. We now turn
toward the task of showing that condition(ii) of Theorem 2.10 holds. Let N
be the least positive integer for which

1125 1 s 1y + 1L+ 11 Sl
< o0
fecr HfHN
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Let fe C*, he(0..hy] and re(0..h]. Define £, by f, :=#(h-) f. Note that
W, 5 f = LUy < W (= Sy + 1= L, + I 0 S = Sl (6.13)
Claim 6.14.
W, %4 (f = fill o, + 1Lfs = fll o, < const(d, p, ¢, &, m, 6) h” || f 1 -
Proof. By Lemma 5.1,
1% F = f) ey < 10, D27 1 = Fil
<const(d, y, ¢, &, m) h? | f — £, Iz by (6.12)
<const(d, y, ¢, & m) [(1+1xD)“ " (f = fi)ll -

Since it is also true that | f, — f1,, <const(d) (1 + |x])4+1 (f=fullo,,in
order to prove the claim, it suffices to show that

(L4 XD (f = f)ll o, < const(d, 7, 0) h” || fll v

Now

L+ XD (=Sl

<const(d) ||(1 —#4(h-)) f] WA (R

<const(d, ) A (1 =(h-)) V-1 yersrigay N1 S g
<const(d, y,0) h’ H|'|2ka Wit (R since  77=1 on %5@
<const(d, y, o) " || f| n-

Hence the claim.

In view of (6.13) and Claim 6.14, condition (ii) of Theorem 2.10 will be
satisfied if we show that there exists N e N such that

Hl//; >X<,h /‘/1 _thL];< COHSt(d, Vs €, &, M, 5) h? Hf”N (615)
By the Hausdorff-Young theorem (cf. 23, p. 142])

o, 3y S = Sl
<const(d) (¥, ), fr,—fi) ",

=const(d) |,(h-) Y fu(- —2mj/h) —f,

jezd

, by Lemma 5.10,

Lg

~

<const(d) [|(Y,(h-)—1) £, L,

1/q
+const(d < I6h+2m) 714,) (6.16)
jeZI\0
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since supp f, h ' 6C. By Lemma 6.8 (2),
|l&r(x) — 1| <const(d, y) |x|* Hl&rH wk (sc) VxeoC.

By (6.12), |, | wt (sc) < const(d, 7, c, &, m). Hence

h.—1
v, k <const(d, y, c, &, m).
-] Lop(5C)
Therefore,
. , Juh)—1 o
16 () = 1) fyll o, = 1" T |- 1< (k) f
. Le
k lp,—l k 7 : A
<h z I-1* fllz,»  since supp 7 <dC,
|| L, (0C) !
< ConSt(ds Vs G5 &, m) hk HfHN (617)
Now, for je Z\0,
W, (h- + 27j) .

1, (0 +27)) full , = I

i e f

Lg(h=1oC)

(- +27j)

<h’ L+ 1) fll
L I+ F,

Lo(5C)
U.(- +2m)

<const(d, y) h”
(d,y) ENENE

11 s

Ly (6C)

since 0<r<h,

¢ (- +2mj)

<const(d, y, ¢, &, m) h”
(d,y ) EWNT

LA 1l s

L (5C)

~

Since lpr = ¢Ar er,/t" C,.((X.) efoc and HZocg,/V Cr(a') efo(HLoc < Hcth <
const(d, y, ¢, m) by Lemma 6.8 (1). Therefore

. L \Va
(% Wi+ 2m) 7, )

e 79\0

<const(d, y, ¢, &, m) h" | [ 5 A9, 7, q). (6.18)

Hence, by (6.15), (6.16), (6.17), and (6.18), we conclude that condition (ii)
of Theorem (2.10) is satisfied. The proof is now completed by applying
Theorem 2.10. |
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7. THE STRANG-FIX CONDITIONS

In this section we address the task of finding reasonable side conditions
under which it can be proven that if ¢ satisfies the Strang—Fix conditions
of order k and $(0) #0, then (S”(¢)), provides L ,-approximation of order
k. For example, in Theorem 1.4 (by Jia and Lei) it is proven that under
conditions (i) and (ii) of Theorem 1.4, the Strang—Fix conditions guarantee
“controlled” L,-approximation of order k for all 1 <p < oo. The problem
with the strong decay assumption of condition (i) is that it implies that ¢
is globally smooth, whereas in some applications, ¢ is only smooth away
from the origin. It is thus desirable to find side conditions which do not
require ¢ to be smooth near the origin. This was achieved for p=2 by
de Boor et al. in [4]. In order to state their result we introduce the potential
spaces

Wh={feLy|fllw:=A+11"fll,, <o}, p=0.

We also need local versions of these spaces. If p is an integer and Q = R?
is open, then W5(£2) is simply the Sobolev space defined in Section 1. It is
fairly easy to see by the Plancherel theorem (cf. [32, Theorem 7.9]) that
W2(R?)= W% and that their norms are equivalent. In this case (peZ ),
if {Q,}; is a collection of disjoint open sets, then with Q :={),Q,

Z HfH%/Vg(Qﬂ): ”f”%vg(gy
B

For non-integer p, there are several equivalent ways of defining W%(2) (cf.
[1, Chap.7]) so that W4(R?)= W7 (with equivalent norms). In this case
we have the subadditive property

Z Hf“%l/g(gl,) < const(d, p, {Q/}} /3) Hf“%/l/g(g)s (7.1)
B
whenever, say, {2}, is a disjoint collection of cubes and Q := (), Q2. We
can now state the relevent result of [4].

THEOREM 7.2. Let ¢ L, and ke N. Assume that ¢ € W2(9C + 2xZ9\0)
and ¢>¢ ae. on OC for some 0,e>0 and p>k+d/2. If ¢ satisfies the
Strang-Fix conditions of order k, then the stationary ladder (S"(¢)),
provides L,-approximation of order k.

Proof. cf. [4; Theorem 5.14].

Note that the sidg condition, ¢ e W(6C+2r79\0), does not impose
any smoothness on ¢ near the origin and is implied by a strong decay of
¢ (e.g., condition (i) of Theorem 1.4).
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There have been other attempts to give side conditions under which the
Strang—Fix conditions of order k and ¢(0) # 0 imply L ,-approximation of
order k (say, in the sense of (1.1)), namely, [ 8, Theorem 3.5] (p = o0) and
[21, Theorem 3.9 (2<p<oo) and Theorem4.8 (1 <p<oo)]. When
2 < p < o0, the above-mentioned results are successful in that their side con-
ditions require no smoothness of ¢ near the origin, but fall short of the
standard established by [4] in that their side conditions are not implied by
a strong decay of ¢. The side conditions of [21, Theorem 4.8] require a
smoothness (increasing with k) of ¢ near the origin and are not implied by
a strong decay of ¢.

We state now the present contributions which derive from Theorem 2.3
in conjunction with Proposition 2.8 (1).

THEOREM 7.3. Let pe{l,2}. Let ¢, and keN be such that
de W5 (eC+2rZ\0) Jor some ¢€(0..2n) and p>k+d?2. In case p=2
assume additionally that ¢ € C"(eC), where m is the least integer satisfying
m>d2. If $(0)#0 and ¢ satisfies the Strang—Fix conditions of order k
(1.3), then the stationary ladder (S ;j(qb)) » provides L ,-approximation of order
k for all 1 <p<p.

Note that the case p=1 is very satisfactory in that the side conditions
impose no smoothness assumption on ¢ near the origin and they are
implied by a strong decay of ¢ (e.g., condition (i) of Theorem 1.4).
However, for the case p=2, we do impose a (fixed) smoothness assump-
tion on ¢ near the origin. Nonetheless, the side conditions are implied by
a sufficiently strong decay of ¢ (e.g., if k>d/2, then condition (i) of
Theorem 1.4 suffices).

Our result for the case 2 < p < oo is as follows.

THEOREM 7.4. Let 2<p< oo and let § be the exponent conjugate to p
(i.e., satisfying 1/p+ 1/g=1). Let m be the least integer greater than d/q. Let
keN and define

._{k+d, if p=co;
P minN A (k+djg.. o),  if 2<p<on.

Let ¢ € &, satisfy deC™eC) and d e W”(sC—i—ZnZ“’\() ) for some £>0. If
$(0)#0 and ¢ satisfies the Strang—Fix condltlons of order k (1.3), then the
stationary ladder (SZ((/))),, provides L,-approximation of order k for all
l<p<p.

_ Note that the side conditions impose a (fixed) smoothness assumption of
¢ near the origin, and they are not implied by a strong decay of ¢.
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Proof of Theorem 7.3 and Theorem74. 1In case pe{l,2}, put §:=2.
Assume that ¢ satisfies the Strang—le conditions of order k£ and (/)(0 )#0.
Then there exists ¢ € (0. s) such that ¢ #0 on all of 5C. Let 5 € C°° satisfy
suppf<dC and =1 on 3 5C Then the hypothesis of Proposition 2.8 is
satisfied and the estimate (1) reduces to

dist(y. S"(): < A(- +2nj/h) >

=:I'(h).
/ezd\o $(h- +2m))

L5

In view of Theorem 2.3, in order to prove Theorems 7.3 and 7.4, it suffices
to show that

I(h)=0(k) as h—0. (7.5)

Let 0 e C satisfy supp o <dC and o =1 on supp 7.
Claim 7.6. 1f p=1 then

F(h)éconst(d,n,¢)<$(h-) Y <7(-+27zj/h)>v Vhe(0..3).

jezi\o

Ly

Proof. Fix he(0..4), and define

<¢ Z +2n]))> .

jezd\o

For the purpose of proving this claim, there is no loss of generality in
assuming that \y € L,. Now,

oo, )
/ez“\o (h + 2mj)

Ly

. A(- + 2nj/h) >
-+ 2mj/h —_—
( jEZd\O i €l )jez:Z‘( ¢(h- + 27j)

L
=y =), 7L, by Lemma 5.10,

<l A" Nzl jyazey, by Lemma 5.1,
<const(d) [yl ., Izll,,, by Lemma 5.6,
=const(d) [~ Y-/, I7llL,

Vv

= const(d) <¢§(h-) Y oo(-+ 2nj/h)>

jezd\o

<a5(z->> v

Ly Ly
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Note that since he(0..3),

o) 1= 1Cam) |, =ma G
¢(h-) ¢(h-)/
=5y, <Z> ’ < by Wiener’s lemma.

Therefore,

v

I'(h) < const(d, ) |7l .,

il

=const(d, 5, ¢) <q§(h-) > 0(~+27U/h)>

jezd\o

(dn) 5, ot + 2

jez\o

L Ly
v

b
L

thus proving the claim.

Claim 7.7.

I(h) <const(d, p, ¢, 1, &) 16(h-) woiscsntanzinoy V€0 3),
Proof. Fix he(0..1).
Case 1. p=1.
By Claim 7.6,

4

I'(h) <const(d, 7, ¢) <q§(h.) Y o—(-+2nj/h)>

jezd\o

§(h-) Y. o(-+2mj/h)

jezd\o wy'

Ly

<const(d, i, ¢) , by Lemma 5.2,

<const(d, i, ¢)

Z a(- +2mj/h) H‘/J;(h)H W(GSC+h™ 27 2\0)>

jezN\o W
since supp g <dC,
=const(d, 5, ¢, o) | $(h-)|| WG+ h 1222005 since geCY.

Case 2. 2<p< .

Recall that in this case we assume that ¢ e C”(6C). Hence,

A

7(- + 2nj/h) N

= == < const(d, i, P).
IR e i
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Thus,

< ~I—2n]/h)>
/ezd\o (h + 27j) Z

. A(- +2nj/h)
jezd\o Q;(h + 2mj)
(- +2nj/h)
jezino b+ 2mj)

<const(d, p) |¢(h by Lemma 5.2,

>
m
Wq

< const(d, p)

RS P——

<const(d, p, 71, ) [ $(h-) | wrisc 120200
thus completing the proof of the claim.

Therefore, with (7.5) and Claim 7.7 in view, in order to prove the
theorems, it suffices to show that

160 wmioc s ntanzingy = O as h—0. (7.8)

Following [4], note that since p >k + d/g, with equality only if §=1, it
follows by the Sobolev imbedding theorem (cf. [1, pp.97,217]) that
W#(6C) is continuously imbedded in C"((SC) (the latter being taken as a
glosed subspace of W* (6C)). Hence, since é(- +2mj) e W2(6C) we have
(- +2mj) e CHOC), VjeZ"\O, and

max |(D/G)(- +27)) 1..5e) < const(d, p, k. &) 16 +2m]) [ wyioc

Vje 79\0. (7.9)

Thus the Strang—Fix conditions of order k are meaningful and as a conse-
quence of their being satisfied we have

(D7) (x + 2mj)| < const(d, k) x|~ max [(D'@)(- +2m)) 1.5

<const(d, p, k, &) x|~ (- +27)) | wrse)
VxedC, jez\0, |a| <k, (7.10)

where the last inequality follows from (7.9).

Claim 7.11.

H‘ﬁ(h)H WISC+h™ " 2m)) <const(d, p, p, k, ) h* H¢H W2SC +27))
VYhe(0..3), jez\0.
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Proof. Let jeZ\0, he(0..1). Then
16 s 1 n12my = 16(h- + 27) | wrise

. 1/q
=< > ID“(¢(h‘+2nj))Zq((sc>>

la| <m

) ) 1q
=< > W\ (D*p)(h- +27Tj)|qu((sC)> .

laf <m
Hence, in order to prove the claim, it suffices to show that
R (D) (- +27)) | sy < const(d, p, p, k 8) WGl wooe v 2mps (7:12)
for all |a| <m. For that, let |a| <m.
Case 1. |o| <k.
Applying (7.10) to the left side of (7.12) yields
R (D*§)(h- + 27)) | 1, 5c) < h'*! const(d, p, k, &) h* =1
X IGC +2m) L wzocy 111 e
<const(d, p, p, k, &) h* 6]l wrisc s 2my-
Therefore, (7.12) holds.
Case 2. |o| >k.

Assume without loss of generality that p<k+d/g+1. Put ¢:=
d/(|a| — k). Note that

o0 >q= d = d >i—_'
Zm—k”dgr1—k”daq *
ol 4 g

Tl —k ol —(p—dg) d—(p—1la) @
p—dig+dig=p—diqg+|a| —k=l|af;

p=lal with equality only if ¢g=4.

Hence, by the Sobolev imbedding theorem (cf. [1, pp. 97, 218]), W7(5C)
is continuously imbedded in W!"(6C). In particular,

1D°gll 1 5c) < const(d, p, p, k, 0) gl wrsc), — YVge Wi(oC).  (7.13)
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Put r=¢/q and let r' denote the conjugate exponent of r (i.e., satisfying
1/r+1/r"=1). Then,

(h (D) (- +27)) | 1 50))°
=h‘“'qJ (D) (hx + 27)|7 dx
oC
=T (Dg)(x+ 27| dx
hoC

<H =D+ 27)| 1in sy 1] oinscrs

by Hoélder’s inequality,
=W (D*G)(- + 2719, 5y (D)
<const(d, p, p, k, §) h* =+ [(D*G)(- +21) 14, 50
<const(d, p. p. k. &) TV (4 2m) Gnpey by (T13),
=const(d, p, p, k, 0) h** ||§| 4 WroC s 2m)-

Therefore, (7.12) holds, and hence the claim.
Now,

o)l ng(éc+h"2nz"\0) = Z lp(h-)]l I{Vg’(o‘cwz‘lznj)
jezd\0

<const(d, p, p, k, ) h* Y, el ?/Vg((sc+ 2mj)>

jezd\o

by Claim 7.11,
<const(d, p, p, k, 0) h* ||| Wo(sC+272°\0)>

which, in view of (7.8), proves the theorems. |

8. PROOF OF PROPOSITION 3.7

The notation used in the following lemma is of course a silly abstraction
of the hypothesis of Proposition 3.7; it serves simply to disarm the usual
d-tuple representation of R which, in the present situation, only gets in the
way.

LemMa 8.1. Let X be a d-dimensional Hilbert Space over R. Let = be a
finite multiset of linear functionals defined on X, and suppose that

#{EeF: & x#£0) 22, VxeX\0. (82)
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Then there exists ¢€(0..1) such that

1
JX H,W dm,(x) < oo,

teZ®
where m, is d-dimensional Lesbegue measure on X.

Proof. For ee(0..1) define

[ B)=1]] N xeX.

LN TUERNIE
The lemma is true when d =1 because in that case,
dt

1+t3/2<oo'

I S1ja(x; E) dm,(x) < const(Z) J”’

Proceeding by induction, assume that the lemma is true whenever
1<d<d'. Consider d=d'+1. WLOG we may assume that 0¢ .= We
define the following two sets:

H:={,L1l:leE};
Xo:={xeX: & x+#0 for all (e Z}.

Note that H is a finite collection of hyperplanes and X,= X\|J H. Hence
m,(X\X,) =0. Now X, can be partitioned into finitely many open cells via
the equivalence relation

X~y if (&-x)(&-y)>0 Vée . (8.3)

Let Q be the collection of these cells. Since # € < oo, in order to prove the
lemma, it suffices to show that for all Q2 € there exists ee(0..1) such that

jﬁuﬁMMAm<w. (8.4)

So let QeQ. Fix 1€ Q.
Claim 8.5.

Qc |J U (rz+(2QnH)).

HeH >0

Proof. Let xeQ. Since 1€ Q and with (8.3) in view, it follows that
for each ¢eZ, there exists 7.>0 such that ¢.-(x—1r.7)=0. Letting
t:=min; _z1t., it is easy to see that x —tr €0 n H for some He H, thus
proving the claim.



APPROXIMATION ORDER OF SHIFT-INVARIANT SPACES 315
Since #H < oo and with (8.4) and Claim 8.5 in view, in order to prove

the lemma, it suffices to show that for all H e H there exists ¢€(0..1) such
that

fo(x; &) dmy(x) < c0. (8.6)

J‘U,>0 1T+ (0Q N H)
Let He N. Note that H is a d — 1-dimensional Hilbert space and that
#{leZ: & x#0} =2, Vx e H\O.

Therefore by the induction hypothesis, there exists ¢ € (0.. ) such that

| fule 8y dmy () < 0. (8.7)
Since X' = H @ span{t}, it follows by Fubini’s theorem that

Jo(x; E) dmy(x)
Ur=0 2T+ (02 " H)

o0

< const(H, 7) j f £(x: 5)dm,_(x) dt
0 t

T+ (0QH)

— const(H, 7) j% [ fc+mEdm, (xd.(88)
0 0QNH

Note that if x € 0Q, then (&-x)(&-7) =0 for all £ e Z. Hence,
[E-(x+ 1) = |- x| +|E- 1], VxedQ, t=0, fekZk. (8.9)

By (8.2) and the definition of H, there exist &, &, € &, distinct in the multi-
set sense, such that £, 1 = H and &, -7 #0.

We wish now to use the following inequality which can be derived
simply by considering separately the cases s+¢>1and s+¢t<1.Ifoa, f =0,
then

1 < 3 ’
14+ (s+6)* (1451 +19)

Vs, 1= 0. (8.10)

We will apply this inequality with a =2¢ and =1 — 3¢ which is valid since
¢€(0..3). Now, for >0 and xedQ n H,
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o 1
et = rees

ter®
1 1
:1 1—e¢ n 1 z 1—¢°
+1&o- 1l L ng, L HUE -tz + (< x])

by (8.9)

since &,-x=0,

1 3

<— , by (8.10),
g m M Treamare oy 610
1 3

< .
(1+|fo‘f7~'|17£)(1+|51‘IT|26)5E1;[\501+|f'x|173£
~ 1/3 I 3
(Gt (L& o) o T 1 x] T

since &,-x=0,
1

SCOHSt(E, T, 609 él) 1 +t1+g

S, B).

Therefore,

jwj [T+ x; E) dm,,_(x) di
0 02N H

1

<const(E, 1, &, j _—
< ( éo él) o 1_,’_Z1+s

| Eydm, (x)di< o,
Q2 nH
by (8.7)
Thus, in view of (8.8) and (8.6), the lemma is proved. |
LemMA 8.11. For all xe R,
inf{|nx—j|:neN and je 7"} =0.

Proof. For xeRY let C(x) be the unique element of [ —1..1)? such
that x — C(x) € Z%. Note that

|C(x)| =inf{|x—j|:jeZ}, Vxe R4

Fix xe R? and let ¢> 0. Since C(nx)e[ —3..3]7 for all ne N, there exists
yel[—3..3]1%and m, ne N with m <n such that

|C(mx) — y| + |C(nx) —y| <e.
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Hence,
|C((n—m) x)| < |C(mx) — C(nx)| < |Clmx) —y| + |Clnx) —y| <e. |

Proof of Proposition 3.7. Assume that k'(Z)>=2. Put R:=max._z|[¢]
and J :=1/(2R). We will show first of all that

#{leZ: (- x#0} =2, Vx e RY\0. (8.12)
Let xe RY\0. By Lemma 8.11, there exists neN and jeZ9\0 such that
|nx —j| <d. Now if £ e K;, then |- j| = 1. Hence,
&-nx| =& jl =& (nx = )l = 1= [¢] Inx —j| = 3.
Therefore,
#{CeZ & x#0} = #K,>2,
and hence (8.12). Therefore by Lemma 8.1,

dx
jw iy < (8.13)

EeE
Now, if je Z\0 and x €j+ 6B, then

1 1
1 1+If J|\n 1+If x[ =& (x j)l\n 12 +|¢- x|

ez cex EeZ

<1

LE"‘

1+ Ié x|
Therefore,
1 2

> 1 D J [] ———dx

jEZ[{\O §€,1+|f ]| ( B)jeZ’l\O Jj+ OB 5651+|é'x|

1
< const(d, d, H)JR Ellmdx<oo

by (8.13). 1
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